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Abstract Explicit formulae describing the genus one characters and modular
transformation properties of permutation orbifolds of arbitrary Rational Con-
formal Field Theories are presented, and their relation to the theory of covering
surfaces is investigated.
If C denotes a Rational Conformal Field Theory, its n-th tensor power C⊗n
is straightforward to describe for any positive integer n, e.g. the primary fields
are just n-tuples of primaries of C, and their ( genus one ) characters are simply
the product of the corresponding C characters. An interesting feature of these
theories is that any permutation x ∈ Sn of the n ”replicas” is a global symmetry
of C⊗n, so it is possible to orbifoldize C⊗n by any permutation group Ω < Sn.
For reasons to become clear soon, we shall denote the resulting permutation
orbifold by C ≀ Ω.
The first systematic investigation of permutation orbifolds has been per-
formed in [1] ( see also [2] ). Permutation orbifold techniques have been applied
in [3] to compute the free energy of second quantized strings. Recently, a de-
tailed analysis of cyclic permutation orbifolds, i.e. the case Ω = Zn for prime n,
has been presented in [4], where the explicit form of the genus one characters
and their modular properties can be found for Ω = Z2. The aim of the present
paper is to generalize the above results to arbitrary - possibly nonabelian - Ω,
and to understand the underlying geometry. We shall only sketch the main
results, their derivation being left to a future publication.
The basic observation, which lies behind most of the results to be presented,
is that if Ω1 ≀Ω2 denotes the wreath product of the permutation groups Ω1 and
Ω2 ( c.f. [5] ), then the Ω1 ≀ Ω2 permutation orbifold of C is nothing but the Ω2
permutation orbifold of C ≀ Ω1, i.e.
(C ≀ Ω1) ≀ Ω2 = C ≀ (Ω1 ≀ Ω2) . (1)
This property, which explains our choice for the notation, is a straigthforward
consequence of the definition of the wreath product. In particular if C is holo-
morphic, i.e. it has only one primary with respect to the maximally extended
chiral algebra - e.g. the E8 WZNW model at level 1 -, the permutation orbifold
C ≀ Ω is a holomorphic orbifold model, whose properties are described by the
double D(Ω) of the group Ω [6, 7].
A most important consequence of Eq. (1) is the following description of the
primary field content of permutation orbifolds : the primary fields of C ≀Ω are in
one-to-one correspondence with the pairs 〈p, φ〉, where p is some representative
of an orbit of Ω acting on the n-tuples 〈p1, . . . , pn〉 of primaries pi of C, while φ
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is an irreducible character of the double D(Ωp) of the stabilizer
Ωp = {x ∈ Ω |xp = p}
of the n-tuple p.
If, as usual, 0 denotes the vacuum of C, then the vacuum of C ≀ Ω - which
we shall also denote by 0 in the sequel - corresponds to the pair 〈0, φ0〉, where
[0] is the one point orbit 〈0, . . . , 0〉 whose stabilizer is obviously Ω itself, while
φ0(x, y) = δx,1 is the trivial character of D(Ω).
To write down explicitly the characters of the orbifold theory C ≀Ω, we have
to introduce some notation. First, for a primary p of C, we’ll denote by χp(τ)
its genus one character, and by
ωp = exp
(
2piı(∆p −
c
24
)
)
its exponentiated conformal weight, so that
χp(τ + 1) = ωpχp(τ).
For a pair x, y ∈ Ω of commuting permutations, we shall denote by O(x, y)
the set of orbits of the subgroup generated by x and y. To each ordered triple
〈x, y, ξ〉 with ξ ∈ O(x, y), we associate the following data :
1. λξ ( resp. λ
∗
ξ ) is the length of any x orbit ( resp. y orbit ) contained in ξ
2. µξ ( resp. µ
∗
ξ ) is the number of the x orbits (resp. y orbits )
3. κξ ( resp. κ
∗
ξ ) denotes the smallest non-negative integer for which y
µξ =
xκξ ( resp. xµ
∗
ξ = yκ
∗
ξ ) holds on the points of ξ.
These quantities are not independent, they are connected by the following re-
lations :
λξµξ = λ
∗
ξµ
∗
ξ = | ξ |
µ∗ξ = gcd(λξ, κξ) and µξ = gcd(λ
∗
ξ, κ
∗
ξ) (2)
where | ξ | is the length of the orbit ξ, and gcd(a, b) denotes the greatest common
divisor of the integers a and b.
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For an n-tuple p = 〈p1, . . . pn〉 of primaries of C let’s introduce the quantity
χp(x, y | τ) =


∏
ξ∈O(x,y)
ω−κξ/λξpξ χpξ (τξ) if x, y ∈ Ωp commute,
0 otherwise
(3)
where
τξ =
µξτ + κξ
λξ
(4)
and pξ denotes the component of p associated to the orbit ξ ( which is well-
defined since x, y ∈ Ωp ). Then the character of the primary 〈p, φ〉 of C ≀ Ω
reads
χ〈p,φ〉(τ) =
1
|Ωp |
∑
x,y∈Ω
χp(x, y | τ)φ¯(x, y) (5)
Note that this formula is meaningful, i.e. it does not depend on the actual
representative p of the orbit, since for all z ∈ Ω
χzp (x, y | τ) = χp (x
z, yz | τ) (6)
In the special case Ω = Zn we recover the results of [4] for the characters of
cyclic permutation orbifolds of prime order.
The geometry underlying the Eq.(3) is clear. If Eτ denotes a torus of mod-
ular parameter τ , then a commuting pair x, y ∈ Ω determines an n-sheeted
unramified covering of Eτ , namely x ( resp. y ) describes how the sheets are
permuted when going around the a-cycle ( resp. b-cycle ) of a canonical ho-
mology basis. This covering is usually not connected, its connected compo-
nents being in one-to-one correspondence with the orbits ξ ∈ O(x, y). By the
Riemann-Hurwitz formula, each such connected component is itself a torus Eξ,
whith modular parameter τξ given by Eq. (4).
In particular, if Z(τ) denotes the partition function of C, the partition func-
tion ZΩ of C ≀ Ω reads
ZΩ(τ) =
1
|Ω |
∑
xy=yx
∏
ξ∈O(x,y)
Z(τξ). (7)
Once we know the explicit expression for the characters of C ≀ Ω, we can
compute their behavior under modular transformations. Consider for example
the S transformation
τ 7→ τ ′ = −
1
τ
(8)
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The modular parameter of the covering torus corresponding to the orbit ξ ∈
O(x, y) will change accordingly
τξ 7→ τ
′
ξ =
µξτ
′ + κξ
λξ
=
κξτ − µξ
λξτ
(9)
Besides acting on the modular parameter, S also transforms the cycles in the
canonical homology basis, thus changing the monodromy of the covering. In the
case at hand, this means that it transforms the pair 〈x, y〉 into the pair 〈y, x−1〉.
This last pair generates the same subgroup as x and y, so that O(x, y) =
O(y, x−1), but the covering torus corresponding to the triple 〈y, x−1, ξ〉 has
modular parameter
τ˜ξ =
µ∗ξτ − κ
∗
ξ
λ∗ξ
(10)
Clearly, τ ′ξ and τ˜ξ should be related by a modular transformation :
τ ′ξ =
aξ τ˜ξ + bξ
cξτ˜ξ + dξ
(11)
for some Sξ =
(
aξ bξ
cξ dξ
)
∈ SL(2,Z), which - by comparing Eqs. (9) and (10) -
is easely seen to be
Sξ =


κξ
µ∗ξ
κξκ
∗
ξ − µξµ
∗
ξ
| ξ |
λξ
µ∗ξ
κ∗ξ
µξ


(12)
If we introduce the notation
Λpq(M) = ω
−a/c
p Mpqω
−d/c
q (13)
for any M =
(
a b
c d
)
∈ SL(2,Z) with c 6= 0, then one checks that
χp
(
x, y | −
1
τ
)
=
∑
q
∏
ξ∈O(x,y)
Λpξqξ (Sξ)χq(y, x
−1 | τ) (14)
which leads to the following formula for the matrix elements of the transforma-
tion S in the orbifold theory C ≀ Ω :
S
〈q,ψ〉
〈p,φ〉 =
1
|Ωp||Ωq|
∑
z∈Ω
x,y∈Ωp∩Ωzq
φ¯(x, y)ψ¯(yz, xz)
∏
ξ∈O(x,y)
Λ(zq)ξpξ (Sξ) (15)
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As an example, consider the case x = y = (1, 2). Then an orbit ξ ∈ O(x, y)
has either length | ξ | = 1, in which case Sξ =
(
0 −1
1 0
)
and Λ(Sξ) = S, or
| ξ | = 2, in which case Sξ =
(
1 0
2 1
)
and
Λ(Sξ) = T
−1/2S−1T−2ST−1/2 = T 1/2ST 2ST 1/2 (16)
the latter equality being a consequence of the modular relation TSTST = S.
This is in complete agreement with the results of [4] for the S-matrix of Z2
permutation orbifolds.
An important characteristic of a primary field is its S-matrix element with
the vacuum of the theory. From Eq. (15) we get
S0〈p,φ〉 =
1
|Ωp |
∑
x∈Ωp
φ(x, 1)
∏
ξ∈O(x,1)
S0pξ (17)
since for all ξ ∈ O(x, 1) we have Sξ = S.
Let’s turn to the conformal weights, which can be determined from the
behavior of the characters under the modular transformation T : τ 7→ τ + 1.
We have
χp (x, y | τ + 1) = χp(x, xy | τ)
∏
ξ∈O(x,y)
ωµξ/λξpξ (18)
But it is straightforward to show that
∏
ξ∈O(x,y) ω
µξ/λξ
pξ is independent of y, so
finally one gets
χ〈p,φ〉(τ + 1) = ω〈p,φ〉χ〈p,φ〉(τ) (19)
where
ω〈p,φ〉 =
1
dφ
∑
x∈Ωp
φ(x, x)
∏
ξ∈O(x,1)
ω1/|ξ|pξ (20)
is the exponentiated conformal weight
ω〈p,φ〉 = exp
(
2piı(∆〈p,φ〉 −
nc
24
)
)
(21)
of the primary 〈p, φ〉 of C ≀ Ω, and dφ =
∑
x∈Ωp φ(x, 1).
This concludes our presentation of the structure of permutation orbifolds.
We have seen that the characters of these theories are completely determined
by the characters of the original theory and the action of the twist group. The
basic characteristics of the orbifold theory, such as the matrix elements of the
6
modular transformations T and S have been written down explicitly. These lat-
ter determine through Verlinde’s formula [8] the fusion rules of the permutation
orbifold. The connection with the theory of covering surfaces opens the way to
the computation of arbitrary correlation functions [9, 10, 11]. Of course there’s
still much to be done, e.g. one would like to have explicit expressions like Eqs.
(15) and (20) for the fusion rules and the Frobenius-Schur indicators [12].
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